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Elastic/Viscoplastic Constitutive Model for Fiber
Reinforced Thermoplastic Composites

T. S. Gates* and C. T. Sun|
Purdue University, West Lafayette, Indiana 47907

A constitutive model to describe the elastic/viscoplastic behavior of fiber-reinforced thermoplastic composites
under plane stress conditions is presented. Formulations are given for quasistatic plasticity and time-dependent
viscoplasticity. Experimental procedures required to generate the necessary material constants are explained,
and the experimental data is compared to the predicted behavior.

Introduction

R ECENTLY, a new composite material system, graphite/
thermoplastic, has been under investigation as an alter-

native to the common graphite/epoxy composite materials. It
is expected that during both initial part fabrication and subse-
quent service life, the structural component made from
graphite/thermoplastic will be subjected to mechanical and
thermal loads that may cause the material to exceed its elastic
limit and induce strains that are dependent upon loading rate.

To accurately predict this nonlinear, time-dependent mate-
rial behavior, comprehensive analytical methods are required.
It is the purpose of the current research to provide a founda-
tion for the constitutive model and experimental procedures
needed to characterize the elastic/viscoplastic behavior of
graphite/thermoplastic composites.

Material System
The material system used in this investigation is composed

of continuous AS4 graphite fibers embedded in polyether
ether ketone (PEEK) matrix material. Panels of 10-ply unidi-
rectional material were used in the experimental program. A
listing of the measured material properties is given in Table 1.

Off-axis coupon test specimens were cut from the supplied
panels. These specimens measured 2.5 x 23 cm and had
glass/epoxy end tabs. Specimens cut from these panels were

Table 1 APC-2, AS4/PEEK
______material properties______•
Glass transition temperature Tg = 143°C

24° C 93°C
Ei, MPa
E2, MPa
V\2
#66
n
A, MPa~"
A^a, MPa
KR

b, MPa
mL*
WRb

130.3 x 103

10.3 x 103

0.32
1.40
7.10

11.6 x 10~18

26.90
1.7 x 106

0.16
1.03

130.3 x 103

9.58 x 103

0.31
1.40
6.20

5.1 x 10~15

28.60
3.1 x 106

0.10
1.05

aZ, => loading. bR => stress relaxation.
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oriented such that the fiber direction was at some predeter-
mined angle 6 to the longitudinal axis of the specimen. A range
of off-axis angles was selected to maximize utilization of the
material and yet provide an acceptable data base for charac-
terization of the material for 0 between 0 and 90 deg.

Experimental Equipment and Procedures
Uniaxial tension tests were performed on the off-axis speci-

mens to establish the strain rate dependency effects and find
the required experimental parameters. Back-to-back Micro-
Measurements axial strain gauges were mounted on the speci-
men to measure the extensional strain (see Fig. 1).

The tension tests were performed in a hydraulically actuated
MTS testing machine capable of a 22 kips maximum load.
Load was applied to the specimen by using a constant head
displacement rate (stroke control) that was selectable from the
MTS programmable function generator. For the tension tests,
the ramp function was selected to allow for approximation of
a constant strain rate type of test. Periods of zero strain rate
could then be applied by interrupting the ramp with a hold
signal. The strain rate was found from the measured strain
data. The strain measurements can be considered to be con-
ventional or engineering strain.

An analog signal proportional to applied load and cross-
head displacement was provided by the MTS signal condi-
tioner. Nominal stress on the specimen was calculated using
the load from the MTS load cell and dividing by the average
test specimen cross-sectional area measured before applying
any load.

A thermostatically controlled Thermotron oven was used to
maintain the desired ambient temperature around the test
specimen. All of the tests were conducted using isothermal
conditions.

Fiberglass End Tab

Bonded Strain Gages

(Axial, Back-to-Back)

10 Plys, Unidirectional
Composite

Applied Load

Fig. 1 Off-axis specimen.
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The four experimental parameters—strain, load, displace-
ment and time—were recorded digitally on a PC-based data
acquisition system. The PC was an AT-type clone, and the
data acquisition board was a Metrabyte DASH-16. Data
smoothing and conversion were performed by the software
that controlled the system. The time base was generated inter-
nally from the data acquisition clock system.

A test plan was selected to give the necessary experimental
information on the susceptibility of the graphite/thermoplas-
tic material system to variable strain rate type of loading. Two
sets of tests, 24 and 93 °C, respectively, were performed. It was
expected that this range of temperature was sufficient to
demonstrate any susceptibility of the material parameters to
temperature effects below glass transition. In addition to a
range of temperatures, two different types of loading histories
were explored.

The first type of loading used can be characterized as
monotonic in nature. A single-stroke rate was selected and
held constant for the entire duration of the test. Actual strain
rate of the test specimen was computed based upon the mea-
sured strains.

The second type of loading used can be characterized by a
variable strain rate history. Periods of constant positive or
negative strain rates were applied to the specimen by selecting
the appropriate stroke rates. A period of zero strain rate was
applied by holding the test machine stroke rate at zero. This
zero strain rate period allowed the specimen to undergo stress
relaxation. During relaxation, the stress was observed to de-
crease at a variable rate. This stress/time behavior during
relaxation can be accurately modeled as a decaying exponen-
tial function. Figure 2 is a schematic illustrating the relation-
ships between stress/strain/time during periods of varying
strain rates. A time independent or quasistatic stress/strain
response is also shown on the schematic.

Because the stress/strain/time characterization of the com-
posite in the region of developed plastic strain was of primary
interest, many of the specimens were not loaded all the way to
final specimen failure. Therefore, the end points on the stress/
strain/time plots presented in this paper should not be inter-
preted as failure points.

Test specimens with fiber angles of approximately 0, 15, 30,
60, and 90 deg were used. As expected, the 0-deg specimen
exhibited linear, rate-independent stress/strain behavior up to
failure. The 90-deg specimens exhibited both nonlinearity and
rate dependency. However, because of their relatively low

Tine

Strain

Fig. 2 Schematic illustrating the stress/strain/time relationships.

failure strains, a minimum of useful information was available
from the tests. Consequently, in the interest of clarity, only
data from the other off axis has been presented.

Elastic/Viscoplastic Characterization
For the unidirectional composite, the multiaxial model is

used to define the tensorial relationship between stress and
strain for a general state of loading. This section details the
derivation of an orthotropic plate under a state of uniaxial
off-axis tension loading. Working within this context, the
elastic/viscoplastic constitutive equations will be developed.
Based on the developed model, the time-dependent stress/
strain behavior of the off-axis type of test can be predicted.

Elastic/Plastic Constitutive Relations
The basis of the viscoplastic theory presented here assumes

that the instantaneous dynamic stress must be measured rela-
tive to a static stress at the same strain. This state of static
stress can be represented by a quasistatic model.

In the present research effort, the elastic/plastic flow rule
presented by Sun and Chen1 is used to characterize this qua-
sistatic response. In their paper, Sun and Chen developed a
one-parameter plastic potential function to describe the non-
linear behavior of orthotropic fiber-reinforced composite ma-
terials. The one-parameter plastic potential function is given
by

2f = (1)

where 1, 2 imply the material principal directions, and #66 is
the material constant found from off-axis tension.

The total strain increment can be decomposed into elastic
and plastic strain components as

de/7 = defy + deg (2)

By using the associated flow rule, the incremental plastic
strains can be written in terms of the plastic potential / as

(3)

where dX is the proportionality factor.
For a state of off-axis tension, the applied stress is ox.

Working in a Cartesian coordinate system and using coordi-
nate transformation relations, the normal- and shear-stress
components in the material principal directions are given by

an = axcos20

(722 = ox sin20

or12 = — Ox sin0 cos0 (4)

The effective stress and effective plastic strain increment as
defined in Ref. 1 are given explicitly by

a = Vy = (o? sin40 + 2a 20) '

de*e = - sin

We define the quantity

AW- ?

x sin20 cos2

sin20 cos20) dX

sin20 cos20)

(5)

(6)

(7)

We note that with the use of Eq. (7) all the terms relating the
dependence of the stresses on the off-axis angle 0 are collected
into one function. This function also depends upon the mate-
rial constant #66 from the potential function.
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Fig. 3 Material property master curves at 24°C.
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Material property master curves at 93 °C.

Use of Eq. (7) allows Eqs. (5) and (6) to be written as

a = h(0)ax (8)

Therefore, the effective stress and effective plastic strain
can be written in terms of the off-axis angle 6, the material
constant #66, and the axial stress and axial plastic strain,
respectively.

Using simple off-axis tension specimens, the quasistatic
points can be found by performing multiple relaxation events
during a uniaxial tension test.2 The quasistatic stress/strain
curve can then be defined experimentally by using stress and
strain values of the dynamic stress/strain test after stress relax-
ation has occurred. During relaxation, the stress time data can
be represented by a decaying exponential function. From this
representation, it is possible to find a value of stress that
approximates the minimum stress reached during relaxation.
This minimum value can be considered to correspond to the
quasistatic stress point.

These quasistatic stress/strain curves can then be converted
to an effective stress/effective plastic strain curve using the
relationships given above. The material constant a66 that ap-
pears in the potential function is selected so that the effective
stress-effective plastic strain curves for the off-axis tests col-
lapse into a single curve. These effective stress/effective plas-
tic strain curves are shown in Figs. 3 and 4.

Assuming that the off-axis tension specimen exhibits some
plastic deformation for any value of stress greater than zero,
a power law expression can be used to characterize the effec-
tive stress/effective plastic strain relation. This power law is of
the form

eP=A(&y (10)

where A and n are material constants. In terms of the axial
quantities of stress and plastic strain, and assuming that the
total axial strain can be decomposed into an elastic and plastic
quantity, the total quasistatic stress/strain relationship may

now be given by

(11)

In this expression, the subscript x refers to the loading
direction, and the quantity Ex is the longitudinal modulus of
the off-axis specimen. Equation (11) allows the quasistatic,
nonlinear stress/strain relationship to be predicted for a state
of uniaxial stress at any angle 6 relative to the material princi-
pal directions.

Elastic/Viscoplastic Constitutive Relations
It is desired to use a formulation for anisotropic viscoplas-

ticity that is consistent with that presented for anisotropic
plasticity. In the rate-dependent constitutive relation develop-
ment, we assume that the rate-dependent strain can be decom-
posed into an elastic and plastic component given by

€(, = €?• +eg- (12)

where the over dot implies a derivative with respect to time,
and eg, e? are the plastic and elastic strain rate, respectively.

It is assumed that the dynamic loading surface is everywhere
parallel to the quasistatic yield surface. Because of this fact,
the normals of their respective potential functions will coin-
cide for any points on the two surfaces connected by a straight
line extending from the center of the yield surface. Therefore,
we let the potential function be given by

V= 022+ 2*66012

which implies that the one-parameter potential function used
to describe the quasistatic yield surface may also be used to
define the dynamic potential function.

Using the associated flow rule, the time rate of change of
the plastic strains can be written in terms of/as

(13)
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where X' implies a proportionality factor used to bring in the
time rate of change of stress. As in the quasistatic case, the
ability to account for anisotropy is handled by the potential
function. The time rate of change of plastic work per unit
volume is

(14)

.The effective plastic strain rate ep is defined through the
relation

So, using Eqs. (13) and (15) gives

X' = (3/2)/(l/a)cP

(15)

(16)

The basis for the time-dependent or viscous constitutive
model selected to analyze the rate-dependent nature of
graphite/thermoplastics has its origins in a theory set forth by
Malvern3 in his paper on wave propagation. Malvern pro-
posed that a viscoplastic component of strain exists during
high strain rate conditions. He stated that this viscoplastic
strain can be found by taking "the excess of the instantaneous
stress over the stress at the same strain in a static test." This
difference in stress values is commonly referred to as over-
stress.

Sixteen years after this paper by Malvern, Perzyna4 also
presented Malvern's theory in a comprehensive monograph on
viscoplasticity. In this work, both uniaxial and multiaxial
derivations were outlined for applications to viscous behavior
of metals. As defined by Perzyna, an "elastic/viscoplastic"
material shows viscous properties in the plastic region only.
This latter case will be the only one considered in this research
effort.

In their book on viscoplasticity, Cristescu and Suliciu5 also
discussed using overstress to determine the plastic strain rate
component. They presented several alternative forms for the
overstress function and developed the general strain rate ex-
pressions necessary for construction of the rate-dependent
constitutive equations.

Within the last 10 years, the idea of an overstress function
and its relationship to plastic strain rate has been explored by
Eisenberg and Yen.6'7 In several papers on the subject, they
derived both the uniaxial and multiaxial flow laws for strain-
hardening metallics alloys such as modern aluminum alloys.
They noted that the theoretical lower bound of the rate-depen-
dent stress/strain curve is found by assuming quasistatic be-
havior. They observed that this quasistatic level can be found
by allowing the material to relax after reaching some stress
level in a rate-dependent stress/strain test.

The use of the overstress function to describe the rate-de-
pendent plastic strain has been largely limited to applications
to isotropic metallic alloys. However, Sutcu and Krempl8 used
the concept of overstress to describe viscoplasticity in an an-
isotropic, directionally solidified alloy. The theory as pre-
sented by Sutcu and Krempl does not allow plasticity and
creep to be represented by separate constitutive equations and
does not employ the concepts of a yield surface and associated
loading and unloading conditions.

In the current research, we state the relationship between
plastic strain rate and overstress by letting

(17)

where H is the overstress and $(H) implies some function
dependent on overstress. The brackets in this expression imply

if H>Q (loading)
if H < 0 (unloading)

From these relationships, we can write the proportionality
factor as

(18)

Letting 7 = (3/2) (I/a), the flow rule can be written in the
form

eg =7 IT" (19)

The overstress (H) can be considered a scalar quantity that
relates the quasistatic stress to the dynamic or instantaneous
stress at the same strain level. The quasistatic stress is found
by using the previously defined time-independent elastic/plas-
tic relations, while the dynamic stress is the stress resulting
from the time-dependent material behavior. The quasistatic
stress/strain curve may be interpreted as a sequence of equi-
librium states such that plastic flow occurs at finite loading
rates when the flow condition is satisfied. Therefore, the
quantity H vanishes in the limit as a/, approaches the qua-
sistatic stress. Figure 2 illustrates these relationships.

The flow surface defined by the one-parameter potential
function is regular and convex. In addition, Eq. (19) implies
that the plastic strain rate is always directed along a normal to
the subsequent dynamic loading surface. This dynamic load-
ing surface is located some distance away from the quasistatic
hardening surface. This distance is specified by the amount of
overstress occurring at a given time and for a given strain. The
overstress then represents a driving potential for viscoplastic
strain.

For off-axis tension the effective plastic strain rate is given
by

(20)= - (o2
x sin40 + 2066a2 sin20 cos20) X'

As in the elastic/plastic case, the dependency upon 0 and a^
can be collected into the expression h(0). Using h(0), we have
effective stresses given by

a = h(6)ax, ox = dynamic axial stress (2la)

a* = /z(0)aj?, a;? = quasistatic axial stress (21b)

where the quasistatic stress is found from Eq. (11). Defining
an expression for effective plastic strain rate

1

allows Eq. (18) to be written as

1
2h(0)2o

This implies that

and the potential function gives the gradient

3 3

(22)

(23)

(24)

(25)

As shown previously, the plastic strain rate term is defined
using the overstress function. We let the overstress be defined
by

H = a - a* (26)
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Using the relations given by Eq. (21), we have

H = h(6)(ax - a*) = h(0) Hx (27)

For off-axis tension and using notation similar to Cristescu
and Suliciu5 and Peryzna,4 the brackets in Eq. (17) imply

$if ax>g(ex)
0 if ax < g(ex)

(28)

If we let g(ex) imply a function based upon total axial strain,
and noting the over stress relation in Eq. (26), the function
g(ex) can now be selected to be g(ex) = a£ where the qua-
sistatic axial stress a} can be found by solving the quasistatic
stress/strain relationship, e.g.,

(29)

The axial plastic strain rate for off-axis tension may now be
written as

h(d) = <*[h(6)Hx]> (30)

Based upon the observed form of the experimental data, a
power law expression was selected to represent the explicit
relationship between effective plastic strain rate and over-
stress. The form of this power law is given by

(31)

where K and m are material constants found from the test
data. After careful observation of the material behavior under
different loading conditions, it was decided to separate the
constants found from the relaxation condition from those
from the loading condition. Therefore, we have,

KR , mR => stress relaxation

KL , ML => loading case

During stress relaxation the stress is decreasing (i.e., stress
rate is negative). For a stress above the quasistatic level, a
plastic strain rate term may exist. Material constants can be
found to help define this plastic strain rate. Performing stress
relaxation is a direct way of arriving at these parameters.

As noted before, the stress during a relaxation event appears
to decay in an exponential manner. The asymptotic values of
the absolute change in stress during relaxation can be used to
determine the overstress experimentally.

We also note that during relaxation, ex = 0, which gives

is then given by Eq. (31) where KR and mR are the power law
parameters.

When the stress is increasing (i.e., the stress rate is positive)
or is neither increasing or decreasing (i.e., zero stress rate), the
material is considered to be in a state of loading. As in the
stress relaxation case, the relationship between measured over-
stress and plastic strain rate can be determined by using exper-
imentally measured quantities and Eq. (31).

An off-axis tension test performed by using a positive con-
stant strain rate type of loading can be used to determine the
loading parameters. The overstress at any given instant during
this test is found by simply measuring the difference between
the dynamic and quasistatic stress values for a given strain.

For the case of monotonically increasing strain, the applied
strain rate is found from the slope of the strain/time data.
This applied strain rate is considered to be the total strain rate
composed of the elastic and plastic strain rate components.
Differentiating the stress/time curve once with respect to time,
the stress rate is determined. Dividing this stress rate by the
axial elastic modulus will define the elastic strain rate term.
Therefore, the plastic strain rate term is found by using these
two measured strain rates and Eq. (12).

As in the unloading case, once Hx and e£ are known, the
overstress effective plastic strain rate can be plotted against
each other on the same graph for any off-axis angle 0. Figures
3 and 4 show these curves for graphite/thermoplastic at room
temperature and 93°C. As before, a power law is used to give
a linear representation to this data when plotted on a log-log
scale. This allows the determination of the constants KL and
mL.

Using the expression in Eq. (31), we can form an expanded
expression for the effective plastic strain rate:

H
(32)

So, using the above relationships we can expand further to
obtain

(33)

(34)

Collecting terms, we let

This gives an expression for the plastic strain rate in off-axis
tension:

(35)

Adding to this the expression for the elastic strain rate gives
the constitutive equation

Therefore, by differentiating a decaying exponential fit to the
stress/time curve with respect to time, the term ax can be
found.

Using the relaxation test data from all of the relaxation
events and the h(B) expression, overstress (H) and effective
plastic strain rate for several test angles 6 can be plotted
together on a single graph. As in the case of the effective
stress/effective plastic strain plots, the data will tend to col-
lapse into a single curve if the proper value of 066 is selected.
This single curve, or "master curve," gives the necessary
information to determine the relationship between measured
overstress and the plastic strain rate. Figures 2 and 3 show
these curves for graphite/thermoplastic at 24 °C and 93 °C. It
should be noted that the material constant 066 that is used to
define this master curve is the same value that was used in the
quasistatic model. The flow rate for the stress relaxation case

(36)

This relationship can be considered as the uniaxial flow rate
for an off-axis orthotropic elastic/viscoplastic fiber-rein-
forced composite. The expression is in the form of a first-or-
der nonlinear ordinary differential equation (ODE) with re-
spect to time. Depending on the desired results, this ODE can
be solved for stress or strain by providing a stress rate or strain
rate, respectively. It should be noted that the ODE is coupled
to the nonlinear expression for quasistatic stress/strain
through the use of a}.

Off-Axis Tension Test Verification
The first-order nonlinear ordinary differential equation

used to describe the uniaxial flow rate for elastic/viscoplastic
composites [Eq. (36)] can be solved numerically using any
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number of different techniques. The technique used here was
to implement the Runge-Kutta fourth-order solution al-
gorithm on a microprocessor based personal computer.

Implicit in the ODE given by Eq. (36) is the nonlinear
algebraic expression, Eq. (29), relating plastic strain and qua-
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sistatic stress. The algorithm used to solve numerically for the
roots of this polynomial is a form of Newton's method.

Predictions of the stress/strain response of representative
off-axis specimens are shown in Figs. 4-8. The exact strain
rates, as measured experimentally, along with the measured
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material constants, are provided as input into a FORTRAN
program. The program provides a numerical solution to Eqs.
(29) and (36) to predict the quasistatic and dynamic behavior.

Regarding the accuracy of the theoretical predictions, two
questions need to be answered. First, what is the magnitude of
the error between test and theory? Second, does the theoretical
model capture the correct form of the material response dur-
ing complex events such as yielding and relaxation? By com-
paring the theoretical predictions to the test data for the
stress/strain time behavior of the off-axis tests, these ques-
tions are answered, and several conclusions can be drawn.

To answer the first question, it is necessary to compare test
theory as shown on Figs. 4-8. In general, it can be seen from
these figures that the magnitude of the error between test and
theory is within an acceptable range for both the monotonic
and variable rate tests.

The second question may also be answered by comparing
test versus theory on Figs. 5-9. For the monotonic rate tests,
an important feature to model accurately is the transition
from elastic to plastic strains. It can be seen from the
monotonic rate figures that the prediction of this transition
region or "knee" in the stress/time and stress/strain curves
has some error associated with it for the lower angles such as
15 deg. However, despite this error, the theory does a good
job of predicting the amount of total plastic strain developed

during loading. For higher angles such as 30 and 60 deg, the
total stress/time or stress/strain curve is represented well.

For the variable rate loading, the ability of the theory to
accurately portray the form of the material response during
periods of stress relaxation, elastic unloading, and rate-depen-
dent elastic/plastic loading is of high importance to ensure
confidence in the analytical model. Comparing test data to the
predicted dynamic and quasistatic response on Figs. 5 through
9 shows that the elastic/viscoplastic model does a good job of
characterizing the form of the data.

Conclusions
A simple constitutive model for the elastic/viscoplastic be-

havior of orthotropic graphite/thermoplastic composites is
presented. The model includes the effects of material nonlin-
earity and elevated temperature. In addition, the material
constants required for the model can easily be found from
tension tests on off-axis unidirectional coupon specimens. The
material constants found from these tests can then be used in
the constitutive model to predict the stress/strain/time behav-
ior of the material under general loading.

With this model, viscous effects such as creep and relax-
ation can be accounted for and predicted. Incorporating the
constitutive equations into lamination theory will allow the
ability to predict the stress/strain response of a laminate un-
dergoing a complicated strain rate or stress rate history.
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